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Abstract
Relativistic non-Abelian spinning fluids can be formulated in group theory
language, where the corresponding Mathisson-Papapetrou equation for spinning
fluids can be obtained in terms of a specific de Sitter group contraction. This
framework is very suitable for studying the effects of a spinning fluid of matter
with vorticity and a spin density in a cosmological background.
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1 Introduction
On the largest scale, the universe is described by the homogeneous and isotropic Friedman-
Robertson-Walker (FRW) metric; this approximate model does not capture the com-
plexity and richness of our universe. The spectrum of the anisotropies has been mapped
∗dario.capass@gmail.com
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several times and, recently, by the ESA’s Plank satellite, which produced the picture of
Cosmic Microwave Background (CMB) with the highest precision available until now.
Our universe is indeed the consequence of the presence of anisotropies in the early struc-
ture of the universe.
The universe can then be described on a large scale through a perturbed FRWmetric,
on one side, and through inhomogeneities and anisotropies of a fluid permeating it. In
particular we are interested in relating the vorticity and the spin-density of a relativistic
matter fluid with spin to the perturbed metric.
We shall consider the background metric to be flat
ds2 = g¯αβdx
αdxβ = a2(τ)ηµνdx
µdxν , (1)
which is also confirmed by recent observations [1]. Then small inhomogenous pertur-
bations on top of the metric g¯αβ will be considered to describe the anisotropy of the
universe
ds2 = [g¯αβ + δgαβ]dx
αdxβ = a2(τ)[(1 + 2A)dτ 2 − 2Bidx
idτ − (δij + hij)dx
idxj ]. (2)
The first order perturbations A, Bi, and hij can be better characterized performing a
scalar-vector-tensor (SVT) decomposition: we have a scalar A, a spatial vector Bi that
can be decomposed into a gradiant of a scalar plus a divergenceless vector Bˆi
Bi = ∂i B︸︷︷︸
scalar
+ Bˆi︸︷︷︸
vector
with ∂iBˆi = 0,
and a symmetric spatial tensor hij that can be decomposed in 2 scalars, C and E , a
divergenceless spatial vector Eˆi and a divergenceless traceless symmetric tensor Eˆij
hij = 2Cδij + 2∂〈i∂j〉E︸ ︷︷ ︸
scalars
+2∂(iEˆj)︸ ︷︷ ︸
vector
+ 2Eˆij︸︷︷︸
tensor
with δijEˆij = 0, δ
ij∂iEˆj = 0 and δ
ki∂kEˆij = 0
where
∂〈i∂j〉 ≡
(
∂i∂j −
1
3
δij∇
2
)
.
The 10 degrees of freedom of the metric have thus been decomposed into 4 + 4 + 2 SVT
degrees of freedom.
• scalars: A, B, C, E;
• vectors: Bˆi, Eˆi;
• tensors: Eˆij .
Under a small (comparable to the order of the perturbations) transformation of coordi-
nates xµ → xµ+ (T, ∂iL+ Lˆi (with ∂iLˆi = 0 to decompose the spatial transformation in
a scalar plus a divergenceless vector) the above fields transform as
A → A− T˙ −HT (3)
B → B + T − L˙ Bˆi → Bˆi −
˙ˆ
Li (4)
C → C −HT −
1
3
∇2L (5)
E → E − L Eˆi → Eˆi − Lˆi Eˆij → Eˆij (6)
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Therefore there is ambiguity in defining the above fields. Such an approach then in-
troduces gauge issues. The spurious degrees of freedom can be removed by a choice of
gauge as we shall do in section 2.1. On the other hand, a different approach that will
be partially used in appendix A is to use the Bardeen’s variables, written below, which
represent an invariant set of variables describing the physical 2 + 2 + 2 SVT degrees of
freedom:
Φ ≡ −C −H(B − E˙) +
1
3
∇2E, Φˆi ≡
˙ˆ
Ei − Bˆi
Ψ ≡ A+H(B − E˙) + (B˙ − E¨), Eˆij (7)
where ˙ is the partial derivative with respect to the cosmological time τ , and H = a˙/a is
the Hubble constant.
To parametrize matter we shall use a group theoretical model to describe fluids
recently introduced in [2]. This group theoretical approach was developed in [3, 4] and
relies on symmetry principles which make almost straightforward to write the action for
a fluid.
For a general gauge group G, describing the local symmetries of a fluid, the action
describing the fluid is given by
S = −i
∫ ∑
(i)
jµ(i)Tr(K(i)g
−1Dµg)−
∫
F (n1, n2, . . . ) + SYM(A)
where the K(i) are diagonal generators of G and j
µ
(i)j(i)µ = n
2
(i) with i indexing the rank
of the group G. This technique as recently been studied and discussed in several topics
in [5, 6, 7].
Following [2], we can describe a fluid with spin choosing the group G to be deSitter.
The Poincare´ group is an alternate choice, but produces overconstrained models (see [2]
for more details). The action describing the fluids is
S = −
∫
det e
[
ijµ(m)Tr(α(m)T0g
−1∇µg) + ij
µ
(s)Tr(α(s)T23g
−1∇µg) + F (n(m), n(s))
]
(8)
where g is a SO(4, 1)-valued field and α(m) and α(s) are constants respectively for the
mass and spin coupling. The choice of the diagonal Lie algebra elements of so(4, 1) is
taken considering that we are interested in studying matter fluids (T0 generates a time-
like velocity) with spin, generated by T23 (see appendix B for a brief description of the
generators of so(4, 1)).
Action (8) is invariant separately under g → ge−iγ0T
0
and g → ge−iγ23T
23
with γ0 and
γ23 constants; the associated conserved currents are j
µ
(i) with
∇µj
µ
(i) = 0 (9)
where i = {m, s}. The explicit form of the currents, obtained by varying action (8) with
respect to the current j(i)µ itself, is
j(i)µ = −i
n(i)
F(i)
Tr[K(i)g
−1∇µg] (10)
with F(i) ≡ ∂F/∂n(i), K(m) = α(m)T0 and K(s) = α(s)T23. The remaining equation of
motion is obtained by varying the action with respect to field g
∇µ
(
jµ(m)gK(m)g
−1 + jµ(s)gK(s)g
−1
)
= 0 (11)
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that states the conservation of the so(4, 1)-current
Jµ = jµ(m)gK(m)g
−1 + jµ(s)gK(s)g
−1. (12)
In section 2, the expressions for the perturbed currents are derived. In section 3
we derive the set of equations which describe the fluid and the perturbed metric. In
appendix A the unperturbed Christoffel symbols, Riemannian tensor and the Ricci scalar
for the metric (1) are derived, as well as their first order corrections from the perturbed
metric (2). Notice that no gauge choice as been made in appendix A. In appendix B we
list the convention used in this article for the representation of the Lie algebra associated
with the de Sitter group.
From now on, to easily distinguish between group and tensor indexes, we shall use
Greek letters as tensor indexes, underlined Latin letters for spatial tensor indexes, and
Latin letters for group indexes. In general, given an expression, we will use the prefix δ
to express that is the first-order component and we shall use a ¯ to indicate that it is
its zero-order part.
2 Spinning Fluids in FRW background
To reproduce the correct dynamics for the fluid the total momentum and the total spin
should be conserved. For this to happen the theory should reproduce the right Casimirs.
The SO(4, 1) Casimirs as well as the commutation relations between the Lie generators
of the group are different from the one for the Poincare´ group, which is what we need.
Therefore, to reproduce the right dynamic we need to consider a group contraction of the
deSitter group to the Poincare´ group. In [2] it is shown that the right group contraction
procedure is given by considering group elements of the form
g = Λe−i
θ
a
Ta
R
with R the deSitter radius. By considering the contraction R → ∞ we reproduce the
Poincare´ commutation relations were the Ta will act as the momentum generators. The
above procedure will not ba able to reproduce the needed Casimirs; for this to happen
the above spin coupling constant α(s) should be rescaled to α(s)/R. This must be done at
the level of the action. Therefore the expressions for the currents that we will consider
from now are
j(m)µ = −i
n(m)α(m)
F(m)
Tr[T0g
−1∇µg] (13)
j(s)µ = −i
n(s)α(s)
F(s)R
Tr[T23g
−1∇µg]. (14)
Under the group contraction the currents reduce to
j(m)µ =
n(m)α(m)
4F(m)R
∂µθ0 −
n(m)α(m)
4F(m)R
θa(Λ−1∇µΛ)a0 +O(R
−3) (15)
j(s)µ = −
n(s)α(s)
2F(s)R
Λa2∂µΛ
a
3 +O(R
−3) (16)
Going back to the case in study, in [2] it has been shown how our group theoretical
model describing fluids with spins reproduces the expected trivial solution describing
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an homogeneous and isotropic fluid of matter with no vorticity and no spin density in
the case of a purely FRW background. That example will be expanded in this and the
following sections to take vorticity and spin-density into account as first order pertur-
bation.
The group-valued field describing the trivial case of a matter fluid permeating an
FRW spacetime, as described in [2], takes the following expression
g = ΛFRWhFRW
with
(ΛFRW )ab =
(
1 0
0 A
)
with A ∈ SO(3)
and
hFRW = e
−i θ
0
R
T0 .
The matrix A is a generic SO(3)-valued expression because no spin (α(s) = 0) and no
vorticity (θ1 = θ2 = θ3 = 0) were considered. In this article we want to derive equations
for the matrix A considering α(s), θ
1, θ2, and θ3 as perturbation parameters of the same
order.
2.1 Vorticity
In this section we will describe, using a perturbative approach, how the mass transport
current is modified considering the presence of vorticity (δθ1, δθ2, δθ3 6= 0) treated as a
first order correction:
j(m)µ =
n¯(m)α(m)
4F(m)R
(
1 +
δn(m)
n¯(m)
)[
∂µ(θ0 + δθ0)− δθ
a(Λ−1∇µΛ)a0
]
=
n¯(m)α(m)
4F(m)R
(
1 +
δn(m)
n¯(m)
)[
∂µ(θ0 + δθ0)−
a˙
a2
ejµΛjiδθ
i
]
(17)
where δθ0 takes into account the cosmological-time perturbation, δn(m) the fluid densitycheck
perturbation, and δθi are the vorticity parameters.
From the normalization of uµ(m)
0 = u¯µ(m)u¯
ν
(m)δgµν + 2u¯(m)µδu(m)
µ = (u¯τ(m))
2δgττ + 2u¯(m)τδu(m)
τ ⇒
⇒ δu(m)
τ = −
u¯τ(m)
2a2
δgττ = −
A
a
we obtain an expression for the four-velocity δuµ(m)
u(m)
µ = a−1[1−A, vi] u(m)µ = a[1 + A,−(vi +Bi)]
where vi = v
jδji.
Comparing the expression above for uµ(m) and the expression (17) we find
∂τθ0 =
4F(m)R
α(m)
a ∂jθ0 = 0 ⇒ θ0 =
∫
dτ
4F(m)R
α(m)
a
5
∂τδθ0 =
4F(m)R
α(m)
aA ∂jδθ0 −
a˙
a2
ejjΛjiδθ
i = −
4F(m)R
α(m)
a(vj +Bj)
At this point we can start making a gauge choice. To simplify the expression for
the linearized Einstein equations (see appendix A) we choose the Newtonian gauge
(B = E = 0 and Bˆi = 0). The four-velocity then takes the following form
u(m)τ =
α(m)
4F(m)R
∂τθ0 u(m)j =
α(m)
4F(m)R
[
∂jθ0 −
H
a
ejjΛjiδθ
i
]
(18)
giving
vj =
α(m)
4F(m)R
1
a
[
H
a
ejjΛjiδθ
i − ∂jθ0
]
, vj =
α(m)
4F(m)R
[
He
j
jΛ
j
iδθ
i −
δji
a
∂iθ0
]
(19)
The vorticity of the mass current is given by
ωνµ = ∇[ν
(
F(m)
n(m)
j(m)µ]
)
= −
α(m)
4R
∂[ν
[
a˙
a2
ej
µ]Λjiδθ
i
]
(20)
ωjτ =
α(m)
8R
∂τ
[
a˙
a
δjjΛjiδθ
i
]
ωij = −
α(m)
4R
∂[i
[
a˙
a
δj
j]Λjkδθ
k
]
The above expression can be rewritten in terms of the charges associated with the
mass current
Qab(m) = −iα(m)Tr[gT0g
−1T ab] = −iα(m)Tr[ΛhT0h
−1Λ−1T ab] =
α(m)δθ
e
8R
[Λa eδ
b
0 − Λ
b
eδ
a
0 ]
Qi0(m) = −Q
0i
(m) =
α(m)
8R
Λi jδθ
j Qij(m) = 0
In particular we have
vj = 2aHQ
jτ
(m) −
α(m)
4F(m)R
δji
a
∂iθ0
2.2 Spin-density
We assume here that the spin current
j(s)µ = −i
n(s)α(s)
F(s)R
Tr[T23Λ
−1∇µΛ] = −
n(s)α(s)
2F(s)R
Λa2∇µΛ
a
3
= −
n(s)α(s)
2F(s)R
Λa2[∂µΛ
a
3 + w
a
µbΛ
b
3] = −
n(s)α(s)
2F(s)R
Λa2∂µΛ
a
3
is of the same order of the mass current jµ(m) or, in other words that n¯(s) is compa-
rable with n¯(s). This assumption is not in contrast with the observation because the
interactions are still determined by the coupling constant α(s). As consequence we must
require
F(s) ≃ α(s).
Given the generic expression for an SO(3) matrix, we can write
(ΛFRW )ab =


1 0 0 0
0 cos β cos γ cos γ sinα sin β − cosα sin γ cosα cos γ sin β + sinα sin γ
0 cos β sin γ cosα cos γ + sinα sin β sin γ − cos γ sinα + cosα sin β sin γ
0 − sin β cos β sinα cosα cos β


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which gives
(Λ−1∇µΛ)23 = Λa2∇µΛ
a
3 = Λa2∂µΛ
a
3 = ∂µα− sin β∂µγ.
The spin current can then be rewritten in terms of the α, β, and γ fields
j(s)µ = −
n(s)α(s)
2F(s)R
(∂µα− sin β∂µγ) (21)
The spin density can also be explicitly written in terms of the α, β, and γ fields
Qab(s) =
α(s)
R
Λa [2Λ
b
3] =
=
α(s)
2R


0 0 0 0
0 0 sinα sin γ + cosα sin β cos γ cosα sin γ − sinα sin β cos γ
0 − cosα sin β cos γ − sinα sin γ 0 cos β cos γ
0 sinα sin β cos γ − cosα sin γ − cos β cos γ 0


Notice that, as expected, the spin-density is contributing only to the first order and not
to the zero-order.
3 Equations of Motion
The unperturbed FRW case has been described in [2] as example. The homogeneous and
isotropic spacetime was trivially compatible with dust with zero vorticity and zero spin-
density permeating it. In this framework a fluid with zero vorticity and zero spin-density
corresponds to a perfect fluid with
ρ = F p = F(m)n(m) + F(s)n(s) − F.
For simplicity we are only going to consider a non-interacting fluid, that is dust with
spin. To generalize the dust condition for a simple matter fluid without spin, F = n, we
shall start by imposing the pressureless condition
p = F(m)n(m) + F(s)n(s) − F = 0
with the request that at the zero order F¯ (n¯(m), n¯(s)) = n¯(m). Considering n¯(m) and n(s)
to be of the same order, the only correction comes from δn(m) and α(s). The expression
we find then is
F (n(m), n(s)) = n(m) + α(s)qn(s) = n¯(m) + δn(m) + α(s)qn¯(s) (22)
where q is a generic constant. The above expression yields
F(m) = 1 F(s) =
∂F
∂n¯(s)
= α(s)q.
The first set of equations is given by the conservation of all the currents.
The mass current conservation gives
0 = ∇µj
µ
(m) = ∇¯µj¯
µ
(m) + ∇¯µ(n¯(m)δu
µ
(m)) + ∇¯µ(δn(m)u¯
µ
(m)) + δΓ
µ
µαj¯
µ
(m)
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From the zero-order (∇¯µj¯
µ
(m) = 0) condition one derives the expected condition
n¯(m) = β(m)a
−3 (23)
with β(m) constant. The remaining terms yield the correction δn(m)
∂τ
(
δn(m)
n¯(m)
)
+ ∂iv
i + 3∂τC = 0 (24)
which is the relativistic continuity equation.
The spin current conservation
0 = ∇µj¯
µ
(s) = ∂µj¯
µ
(s) + 4Hj¯
τ
(s). (25)
The projection of the conservation of the Lie-current Jµ, eq (11), along the T ab Lie
elements gives
0 = ∇µ
(
jµ(m)Q
αβ
(m) + j
µ
(s)Q
αβ
(s)
)
= jµ(m)∇µQ
αβ
(m) + j
µ
(s)∇µQ
αβ
(s) ≃ j¯
µ
(m)∇¯µQ
αβ
(m) + j¯
µ
(s)∇¯µQ
αβ
(s)
where we made use of eq. (9). The iτ and ij components of the above equation are given
by
j¯µ(m)∇¯µQ
iτ
(m) + j¯
µ
(s)∇¯µQ
iτ
(s) = j¯
τ
(m)[∂τQ
iτ
(m) + 2HQ
iτ
(m)] +Hj¯
µ
(s)δµjQ
ij
(s)
=
j¯τ(m)
a2
∂τ (a
2Q
iτ
(m)) +Hj¯
µ
(s)δµjQ
ij
(s) = 0 (26)
j¯µ(m)∇¯µQ
ij
(m) + j¯
µ
(s)∇¯µQ
ij
(s) = j¯
µ
(s)[∂µQ
ij
(s) + 2δ
τ
µHQ
ij
(s)] = 0 (27)
Instead the projection of the conservation of the Lie-current Jµ, eq (11), along the T a
Lie elements gives
0 = α(m)j
µ
(m)(Λ
−1∇µΛ)
0
b
≃ α(m)(j¯
µ
(m) + δn(m)u¯
µ
(m))(Λ¯
−1∇¯µΛ¯)
0
b + α(m)n(m)δu
µ
(m)(Λ¯
−1∇¯µΛ¯)
0
b + α(m)j¯
µ
(m)δ(Λ
−1∇µΛ)
0
b
= α(m)n(m)
[
δu
i
(m)Hδ
i
iΛ¯ib +
1
a
δ(Λ−1∇τΛ)
0
b
]
=
α(m)n(m)
a
[
v
i
(m)Hδ
i
iΛ¯ib + δ(Λ
−1∇τΛ)
0
b
]
(28)
While the above equation is trivially verified at the zero order, at the first order it
produces corrections to the group-valued field ΛFRW , which do not contribute to the
first order metric perturbation. Therefore it will not be of any interest in this paper.
Finally from equations (9,10,11) it is possible to show [2] that the divergence of the
energy momentum tensor is indeed zero. This equation is the fluid generalization of the
Mathisson-Papapetrou equation for spinning particles.
The last set of equations is given by the linearized Einstein’s equation.
The unperturbed energy-momentum tensor takes the expected form
T¯ µν = −[n¯(m) − F (n¯(m), n¯(s))]g¯
µν +
F(m)
n(m)
jµ(m)j
ν
(m) = n¯(m)u¯
µ
(m)u¯
ν
(m)
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while its first-order correction is give by
δTµν = 2n¯(m)u¯(m)(µδu(m)ν) + δn(m)u¯(m)µu¯(m)ν + α(s)qn¯(s)u¯(s)µu¯(s)ν
−4∇¯γ[j¯(m)(µQ
γ
(m)ν) ]− 4∇¯γ [j¯(s)(µQ
γ
(s)ν) ] (29)
In components we have
δTττ = 2n¯(m)a
2A+ δn(m)a
2 + α(s)qn¯(s)
(
u¯(s)τ
)2
− 4∂i
(
j¯(m)τ
1
a2
Q(m)iτ
)
(30)
δTiτ = n¯(m)u¯(m)τδu(m)i + α(s)qn¯(s)u¯(s)iu¯(s)τ − 2∂τ
(
j¯(m)τQ
τ
(m)i
)
−2∂j
(
j¯(s)τQ
j
(s)i
)
+ 2HQ
j
(s)i j¯(s)j (31)
δTij = α(s)qn¯(s)u¯(s)iu¯(s)j − 4∂k
(
j¯(s)(iQ
k
(s)j)
)
(32)
Using the expression first-order correction to the Einstein tensor found in appendix A
and considering the gauge choice introduced in section 2.1, we find the following lin-
earized Einstein’a equations:
δGττ = 2∇
2Φ− 6HΦ˙
= 8pi
[
2n¯(m)a
2Ψ+ δn(m)a
2 + α(s)qn¯(s)
(
u¯(s)τ
)2
− 4∂i
(
j¯(m)τ
1
a2
Q(m)iτ
)]
(33)
δGiτ =
1
2
∇2Φˆi + 2∂i
(
HΨ+ Φ˙
)
= 8pi
[
−a2n¯(m)vi + α(s)qn¯(s)u¯(s)iu¯(s)τ − 2∂τ
(
j¯(m)τQ
τ
(m)i
)
−2∂j
(
j¯(s)τQ
j
(s)i
)
+ 2HQ
j
(s)i j¯(s)j
]
(34)
δGij = ∂i∂j(Φ−Ψ) + 2H∂(iΦˆj) + ∂(i
˙ˆ
Φj) + ∂
2
τ Eˆji −∇
2Eˆji + 2H∂τ Eˆij − 2
(
2H˙ +H2
)
Eˆji
−2
(
2H˙ +H2
)
∂(iΦˆj) + δij
[
∇2(Ψ− Φ) + 2
(
2H˙ +H2
)
(Ψ + Φ) + 2Φ¨ +H(2Ψ˙ + 4Φ˙)
]
= 8pi
[
α(s)qn¯(s)u¯(s)iu¯(s)j − 4∂k
(
j¯(s)(iQ
k
(s)j)
)]
(35)
In the following section we shall study the particular case of a stationary spin current.
3.1 Stationary Spin-current
In this section we consider the case in which the spin-current
j(s)µ = −
n(s)α(s)
2F(s)R
(∂µα− sin β∂µγ)
is stationary, that is,
j¯µ(s) = n¯(s)a(1, 0, 0, 0).
This implies that the angles α, β and γ are only function of the cosmological time τ
subject to the following condition
α˙− sin βγ˙ = −
2F(s)R
α(s)
a.
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The conservation of the current Jµ, eq. (26,27), gives
j¯µ(m)∇¯µQ
iτ
(m) + j¯
µ
(s)∇¯µQ
iτ
(s) =
j¯τ(m)
a2
∂τ (a
2Q
iτ
(m)) +Hj¯
µ
(s)δµjQ
ij
(s) =
j¯τ(m)
a2
∂τ (a
2Q
iτ
(m)) = 0
j¯µ(m)∇¯µQ
ij
(m) + j¯
µ
(s)∇¯µQ
ij
(s) = j¯
τ
(s)[∂τQ
ij
(s) + 2HQ
ij
(s)] = 0,
That is,
Qiτ(m) =
Kiτ(m)
a2
Q
ij
(s) =
K
ij
(s)
a2
with K
ij
(s) constant, being α, β and γ only function of τ , and K
iτ
(m) function only of
the spatial coordinates (through δθi). This implies that Qab(s) and then A in ΛFRW are
constant quantities. A straightforward solution is give by keeping α as function of only
τ and choosing β = γ = 0 which gives
Qab(s) =
α(s)
2R


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0


Finally from the linearized Einstein’s equations we have
2∇2Φ− 6HΦ˙ = 8pi
[
2n¯(m)a
2Ψ+ δn(m)a
2 + α(s)qn¯(s)a
2 − 4∂i
(
j¯(m)τ
1
a2
Q(m)iτ
)]
, (36)
1
2
∇2Φˆi + 2∂i
(
HΨ+ Φ˙
)
= 8pi
[
−a2n¯(m)vi − 2∂τ
(
j¯(m)τQ
τ
(m)i
)]
, (37)
and
∂i∂j(Φ−Ψ) + 2H∂(iΦˆj) + ∂(i
˙ˆ
Φj) + ∂
2
τ Eˆji −∇
2Eˆji + 2H∂τ Eˆij − 2
(
2H˙ +H2
)
Eˆji − 2
(
2H˙ +H2
)
∂(iEˆj)
+δij
[
∇2(Ψ− Φ) + 2
(
2H˙ +H2
)
(Ψ + Φ) + 2Φ¨ +H(2Ψ˙ + 4Φ˙)
]
= 0 (38)
Expanding the iτ component
1
2
∇2Φˆi + 2∂i
(
HΨ+ Φ˙
)
= 8pi
[
−a2n¯(m)vi − 2∂τ
(
j¯(m)τQ
τ
(m)i
)]
= 8pi
[
−a2n¯(m)vi + 4H
(
j¯(m)τ
a2
Q(m)iτ
)]
= 8pi
[
−a2n¯(m)vi + 2n¯(m)
(
2H
a
eiie
0
τ
α(m)
8R
Λijδθ
j
)]
= 8pi
[
−a2n¯(m)vi + 2n¯(m)a
2
(
vi +
α(m)
4R
∂iθ0
a
)]
= 8pi
[
a2n¯(m)vi + 2n¯(m)a
2α(m)
4R
∂iθ0
a
]
,
taking the spatial derivative and anti-symmetrizing with respect to the two spatial in-
dexes, we find an equation for the vectorial perturbation:
1
2
∇2∂[jΦˆi] = 8pia
2n¯(m)∂[jvi]
The field Φˆ is divergenceless therefore the above equations shows how it is completely
determined by the vorticity of the fluid.
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4 Conclusion
In this paper we used the model introduced in [2] to show how it is possible to study the
presence of vorticity and spin-density during the cosmological evolution of the universe.
We restricted our consideration to the only presence of a matte fluid with spin. The vor-
ticity as well as the spin-density of the fluid are introduced as a first order perturbation
of an ideal fluid.
While a more general study requires numerical simulations, in this paper we consid-
ered the simpler case of a stationary spin-current. From this assumption it has been
shown how the spin-density does not contribute to any cosmological perturbation, while
the vorticity of the fluid corresponds to a vectorial perturbation.
From a more general analysis it is expected, as the equations of motion suggest, the
spin-density to be a possible source of tensorial perturbations.
Appendix
A Christoffel Symbols, Curvature, et cetera
In this appendix we shall derive the Christoffel symbols, the Riemannian curvature, the
Ricci tensor, the Ricci scalar, and the Einstein tensor for the metric (1), as well as their
first order correction from the perturbed metric (2)
ds2 = a2(τ)[(1 + 2A)dτ 2 − 2Bidx
idτ − (δij + hij)dx
idxj ].
The Christoffel symbols are straightforward
Γαµβ = δ
α
β∂µ ln a+ δ
α
µ∂β ln a− ηµβη
αγ∂γ ln a
giving the following non-zero Christoffel symbols
Γ¯ατβ = Γ¯
α
βτ =
a˙
a
δαβ Γ¯
τ
ij =
a˙
a
δij
The Riemannian tensor will then be given by
Rαβµν = 2[δ
τ
βδ
α
[νδ
τ
µ] − η
ατηβ[νδ
τ
µ]](H˙ −H
2)− 2δα[µην]βH
2
while the Ricci tensor is
Rβν = −2δ
τ
νδ
τ
β(H˙ −H
2)− ηνβ(H˙ + 2H
2)
and the Ricci scalar is
R = −
6
a2
a¨
a
Finally we can write the Einstein tensor
Gαβ = Rαβ −
1
2
gαβR = ηαβ
[
2
a¨
a
−
a˙2
a2
]
− 2δταδ
τ
β
[
a¨
a
− 2
a˙2
a2
]
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which has the following non-zero components
Gττ = 3
a˙2
a2
Gij =
[
2
a¨
a
−
a˙2
a2
]
ηij .
The first order correction to the Christoffel symbols
δΓαµβ =
1
2a2
ηαγ [∇¯µδgγβ + ∇¯βδgµγ − ∇¯γδgµβ]
=
1
2a2
ηαγ[−2
δgµβ
a
a˙δτγ +2
δgτγ
a
a˙δτβδ
τ
µ + a
2∂µ
δgγβ
a2
+ a2∂β
δgµγ
a2
− a2∂γ
δgµβ
a2
− 2
a˙
a
δijδ
i
µδ
j
βδgγτ ]
has the following non-zero terms
δΓτij =
a˙
a
hij − ∂(iBj) +
1
2
∂τhij − 2HδijA
δΓτττ = ∂τA δΓ
τ
τj = HBj + ∂jA
δΓkττ = HBk + ∂τBk + ∂kA δΓ
k
τj =
1
2
∂τhkj + ∂[jBk]
δΓkij =
1
2
[∂ihkj + ∂jhik − ∂khij − 2HδijBk]
The first order correction to the Ricci tensor can be explicitly derived as follow
δRβν = δR
α
βαν = 2∇¯[αδΓ
α
ν]β = g¯
αγ∇¯[α
[
∇¯ν]δgγβ + ∇¯|β|δgν]γ − ∇¯|γ|δgν]β
]
= g¯αγ∇¯α∇¯(νδgβ)γ −
1
2
g¯αγ∇¯α∇¯γδgνβ −
1
2
∇¯ν∇¯βδg
which gives the following non zero-components
δRττ = 3H(Ψ˙ + Φ˙) +∇
2Ψ + 3Φ¨ + 3H¨(B − E˙) + 6H˙(B˙ − E¨)
δRiτ =
1
2
∇2Φˆi + 2H∂iΨ+ 2∂iΦ˙ + (H˙ + 2H
2)(Bˆi + ∂iE˙) + 3H˙∂i(B − E˙)
δRij = g¯
αγ∇¯α∇¯(jδgi)γ −
1
2
g¯αγ∇¯α∇¯γδgji −
1
2
∇¯j∇¯iδg
= ∂i∂j(Φ−Ψ) +
(
−Φ¨ +∇2Φ− 2
(
H˙ + 2H2
)
(Φ + Ψ)−HΨ˙− 5HΦ˙
)
δij
+2H∂(i[
˙ˆ
Ej) − Bˆj)] + ∂(i[
¨ˆ
Ej) −
˙ˆ
Bj)] + ∂
2
τ Eˆji −∇
2Eˆji + 2H∂τ Eˆij + 2
(
H˙ + 2H2
)
Eˆji
−(4HH˙ + H¨)(B − E˙)δji + 2
(
H˙ + 2H2
)(
∂i∂jE + ∂(iEˆj)
)
First order correction to the Ricci scalar is given by the following expression
δR = δgβνR¯βν + g¯
βνδRβν
12
=
1
a2
[
2∇2Ψ− 4∇2Φ+ 12
(
H˙ +H2
)
Ψ+ 6Φ¨ + 6H(Ψ˙ + 3Φ˙)
]
+
6
a2
[
(H¨ − 2H3)(B − E˙)
]
And finally the first order correction to the Einstein tensor
δGβν = δRβν −
a2
2
ηβνδR−
1
2
δgβνR
gives the following non-zero components
δGττ = 2∇
2Φ− 6HΦ˙− 6H2(B˙ − E¨)− 6H2H˙(B − E˙)
δGiτ =
1
2
∇2Φˆi + 2H∂iΨ+ 2∂iΦ˙− (2H˙ +H
2)Bˆi − 2(H˙ −H
2)∂iE˙ − 3H
2∂iB
δGij = δRij +
a2
2
δijδR +
a2
2
hijR¯
= ∂i∂j(Φ−Ψ) + 2H∂(iΦˆj) + ∂(i
˙ˆ
Φj) + ∂
2
τ Eˆji −∇
2Eˆji + 2H∂τ Eˆij − 2
(
2H˙ +H2
)
Eˆji
−2
(
2H˙ +H2
)(
∂i∂jE + ∂(iEˆj)
)
+δij
[
∇2(Ψ− Φ) + 2
(
2H˙ +H2
)
(Ψ + Φ) + 2Φ¨ +H(2Ψ˙ + 4Φ˙) + (2H¨ + 2HH˙)(B − E˙)
]
In the above expressions no gauge choice was made. Each component has also been
written using the Bardeen’s variables (7). Notice that the remaining terms in each
expression not expressed in terms of the Bardeen’s variable reproduce the correct trans-
formation properties of each term.
B deSitter Group Generators
In this appendix we list the convention used in this article for the representation of the
Lia algebra associated with the de Sitter group.
The generators of so(4, 1) are constructed, similarly to so(3, 1), starting the four-
dimensional Dirac’s gamma matrices
{γa, γb} = 2ηab
with the addition of γ5. Such algebra can be rewritten in a shortened notation as
{γA, γB} = 2ηAB
where A takes values {0, 1, 2, 3, 5} and ηAB = {1,−1,−1,−1,−1}.
Similarly to the case of the Lorentz group the de Sitter group is generated from Lie
algebra generator defined as follows
TAB =
i
8
[γA, γB] with TA5 = −T5A ≡ TA
The commutation relations between the Lie Generators are
2[TAB, TCD] = iηBCTAD − iηACTBD − iηBDTAC + iηADTBC ,
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that is,
2[Tab, Tcd] = iηbcTad − iηacTbd − iηbdTac + iηadTbc
2[Tab, Tc] = iηbcTa − iηacTb 2[Ta, Tc] = iTac
The normalized traces of the Lie generators are given by
2Tr[TABTCD] =
1
2
(ηACηBD − ηADηBC).
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